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Abstract. In this paper, we consider convergence properties of a class of penalization
methods for a general vector optimization problem with cone constraints in infinite
dimensional spaces. Under certain assumptions, we show that any efficient point of the cone
constrained vector optimization problem can be approached by a sequence of efficient points
of the penalty problems. We also show, on the other hand, that any limit point of a sequence
of approximate efficient solutions to the penalty problems is a weekly efficient solution of the
original cone constrained vector optimization problem. Finally, when the constrained space
is of finite dimension, we show that any limit point of a sequence of stationary points of
the penalty problems is a KKT stationary point of the original cone constrained vector
optimization problem if Mangasarian—Fromovitz constraint qualification holds at the limit
point.
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1. Introduction and Preliminaries

It is well-known that penalty method is popular and effective for con-
strained optimization problems. Traditional penalty methods use /, and /,
penalty functions (see, e.g., [7, 8]). Recent interest in lower-order penalty
functions is motivated by the fact that lower-order penalty functions usu-
ally require weaker conditions to guarantee their exactness than the classi-
cal /; penalty function (see, e.g., [14, 16, 18, 21, 22]).

In scalar optimization, necessary and sufficient conditions were derived for
various exact penalty functions, including /; exact penalization [2], nonlinear
exact penalization [21] and lower order penalization [16]. These conditions
were expressed in the form of calmness-types conditions of the constrained
optimization problem.

*This work is supported by the Postdoctoral Fellowship of Hong Kong Polytechnic University.
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In vector optimization in finite dimensional spaces, penalty methods
were studied in [14, 20, 23]. Necessary and sufficient conditions were devel-
oped for the exactness of a class of nonlinear penalty functions for con-
strained vector optimization problems [14]. Most recently, for vector
optimization problems with cone constraints in infinite dimensional spaces,
we established an equivalence between (local) calmness property of the
cone constrained optimization problem and (local) exact penalization prop-
erty of a class of penalty functions. This calmness condition was further
applied to derive KKT conditions for a local weakly efficient solution to
the cone constrained vector optimization problem (see [12]).

Convergence analysis for a class of nonlinear penalty methods for con-
strained scalar optimization problems was carried out in [15, 24]. In [13]
we studied the convergence property (via first-order necessary optimality
conditions) of a class of nonlinear penalty methods for constrained multi-
objective optimization problems.

In this paper, we will carry out convergence analysis for the class of pen-
alty methods proposed in [12]. More specifically, under certain assumptions,
we show that any efficient point of the cone constrained vector optimization
problem can be approached by a sequence of efficient points of the penalty
problems. We note that these assumptions are weaker than those used in [14]
for strong duality results. We also show that any limit point of a sequence of
approximate efficient solutions to the penalty problems is a weakly efficient
solution of the original cone constrained vector optimization problem.
Finally, under some conditions, we show that any limit point of a sequence
of stationary points (points that satisfy first-order necessary conditions) of
the penalty problems is a KKT stationary point of the original cone con-
strained vector optimization problem if the Mangasarian—Fromovitz con-
straint qualification holds at the limit point. It is worth nothing that the
Mangasarian—Fromovitz condition is weaker than the linear independence
condition of the gradients of active constraint functions used in [24] even
when the constrained vector optimization problem considered in this paper
reduces to the scalar constrained optimization problem considered in [24].

In the remainder of this section, we present the problem, some related
concepts and notations.

Let X, Y and Z be normed spaces. Let Y* and Z* be the dual spaces of Y
and Z, respectively. Let C C Y be a nontrivial pointed, closed and convex
cone with nonempty interior intC and e € intC be fixed. Let K C Z be a
closed and convex cone with nonempty interior intK and k° € intkK
be fixed. C and K induce orders <¢ and <k in Y and Z, respectively. That
is, for any y, €Y, ze€Zi=12), yn<cniffy,—y, €C and
z1<gz iff zz —z; € K. Denote by C*={1€ Y*:A(y)=>0,¥y € C} and
K ={ueZ :ulz)= 0,Vz € K} the positive polar cones of C and K,
respectively. Let C° = {/. € C* : ||A|| = 1}.
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DEFINITION 1.1. Let V be a normed space and K; C V' be a cone. We
say that K; admits a compact base if there exists a compact set K, C K|
such that 0 ¢ K; and K, = {pk : f=0,k € Ky }.

Let Y C Y. ye€ Y is called a infimum point of Y; if (i) there exists a
sequence {y,} C Y; such that y, — y; and (i) y — y & —C\{0}, Vy € Y.
The set of all infimum points of Y; is denoted by inf Y;. If
y € (inf Y1) N Yy, then it is called an efficient point of Y.

Consider the following vector optimization problem with cone constraints

(VP) inf f(X)
s.t. x € X1,
g(X) € _K7

when X; C X is nonempty and closed, f: X — Y, g: X — Z are vector-
valued functions.

Throughout the paper, we assume that A(f(x)) is lower semicontinuous
(Ls.c. for short) on X; for any 2 € C* and g(x) is continuous on X; unless
stated otherwise.

Denote by X the feasible set of (VP), i.e.,

Xo = {XEX] :g(x) S —K}

We assume throughout that Xy # (. Denote by E’ the set of infimum
points of (VP), i.e., E/ =inf f{Xj). Let E denote the set of efficient points
of f(Xy). E is also referred to as the set of efficient points of (VP). Clearly,
ECE'

A point X € X is said to be a (weakly) efficient solution to (VP) if

f(x) = f(x) & —C\{0}(resp. — intC) Vx € X.

A point X € Xj is said to be a local (weakly) efficient solution to (VP) if
there exists a neighbourhood U of x such that

f(x) —f(x) & —C\{0}(resp. —intC) Vx e XonU.

Clearly, a (local) efficient solution of (VP) is a (local) weakly efficient solu-
tion of (VP).

DEFINITION 12. Let X» C X. A function / : X, — R! is said to be level-
compact (level-bounded) on X; if the set X; = {x € X, : h(x) <t} is com-
pact (bounded) for any real number ¢.

The following function ¢ : Y — R is very useful in the sequel:

E(y) =min{r € R : y € te — C}.

The proposition below summarizes some important properties of the func-
tion €.
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PROPOSITION 1.1. [10].  The function & is (stricktly) monotone (in the sense
that y\ <cyy implies E(y1) <E(y2) and y2 — y1 € intC implies E(y1) < E(12)),
continuous, subadditive and positively homogenous on Y. Moreover,

E(y) = sup A(y)/Ale) VyeY (1)

2eC0

and for any y € Y and ¢ € R', there holds

Sy +te) =<y) +1.
Similarly, we can define 5 : Z — R! by the formula:

n(z) =min{r € R' : z € tk® — K}.

Clearly, the function n has the same properties as ¢ stated in Proposition
1.1.
Consider the penalty problem:

(PVPY) inf Fy(x,r) =:flx) + rld-x(g(x))]e,

where d_g(+) is the distance function of a point to the set —K.
Denote by E; the set of infimum points of (PVP?).

2. Convergence Analysis of Efficient Points

In this section, we show, under some conditions, that any efficient point of
the cone constrained vector optimization problem can be approached by a
sequence of efficient points of the penalty problems (PVP%) as r — 400
and any limit point of a sequence of approximate efficient solutions to the
penalty problems is a weakly efficient solution of the original cone con-
strained vector optimization problem.

The following lemma is useful in the sequel.

LEMMA 2.1. Let X, C X be nonempty and closed and u : X, — Y be a vec-
tor-valued function such that A(u) is l.s.c on X, for any L € C*. Assume that
there exists xo € X such that the set Ay = {x € X, : u(x)<cu(xo)} is com-
pact. Then, u has an efficient solution on X;.

Proof. It is obvious that X, can be seen as a subspace of X. Let y € Y.
Then the set {x € X, : u(x)< y} = Mjec-{x € Xz : A(u(x))<A(y)} is closed
in X, by the Ls.c of A(u) for any 4 € C*. Moreover, it can be shown by
contradiction that if x € Ay is an efficient solution of u on A, then it is
also an efficient solution of # on X;. The conclusion follows immediately

from ([6], Corollary 3.1) (by replacing X and 4 with X, and A, respec-
tively).
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THEOREM 2.1. Assume that

Y =C - (. (2)
and £(f(x)) is level-compact on
X3:{X€X1 :g(x)E@okO—K} (3)

for some 0y > 0. Further assume that there exist ry > 0 and m € R! such
that

S(f(x)) + rod” (g(x)) Zmo, Vx € X, 4)
Then, we have
(1) The set E of efficient points of (VP) is nonempty;
(ii) The set E of efficient points of (VP) coincide with the set E’ of infi-
mum points of (VP), i.e., E=E’;
(iii) Suppose that 0 < r, T +oo. Then

E C w— limsup E,

n—-+00

where
w — limsup E] ={y € Y : 3 a subsequence {n;} of {n}
n—-+o00

and yi € Er'”k such that y, weakly converges to y}.

Proof. (i) Suppose that xo € X;. Consider the set

Xy ={x e Xy : flx)<cf(x)}
C {x € Xo : E(f(x)) <<(f(x0)) }
C{x e X3 :&(f(x)<E(f(x0))}-

By the level-compactness of &(f) on X3, we see that Xy is nonempty and
compact. Hence, by Lemma 2.1. E # 0.

(ii) We need only to show that E' C E. Let y € E’. Then, there exists
{x,} € Xo such that f(x,) — y. Clearly, there exists 7y >0 such that
E(f(xn)) <ty. By the level-compactness of &(f) on X3, we can assume with-
out loss of generality x,, — X € X,. Thus, for any 4 € C*,

M) lim A(flx,)) = A(9).

n——+00

It follows that f(x¥)<¢y. On the other hand, from ye€E’,
y —f(x) & C\{0}. Hence, y = f(x). This proves E' C E.

(i) Let y € E. Then, there exists x € X; such that y = f{x). Consider
the set

X' = {x € X :Fa(x, Vn)<CFa(f7rn) :f(f)}
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It is obvious that X" # () since x € X”. Now we show that there exists
ny > 0 such that X" is nonempty and compact whenever n>n,. We need
only to show that there exists ny > 0 such that X" C X3 when n>=ng
because E(f(x)) <E(f(X)),Vx € X" and &(f) is level-compact on X3. Note
that X"*! C X", Vn. Suppose to the contrary that there exists a subsequence
{n} of {n} such that x,, & X3,Vk. Then,
JCne) + e d (g (xn,) ) e < f(X).
That is,

(f(xn,) + Vodfk(g(xnk))e) + (rn, — ”O)dfk(g(xnk))eng(f)-
It follows that

(&0 Txm)) + rod 2k (g(xm,))) + (ru, — ro)d % (g(xn,)) < E(f(X)).
By Equation (4), we have

mo + (ry, — ro)d”(g(xn,)) <E(f(X)).
As a result,

0% (g()) < VX =m0,
Iy, — 10

Thus,
lim d_K(g(xm)) =0,

k——+00

implying g(x,,) € Opk® — K when k is large enough. That is, x,, € X» when
k is large. A contradiction arises. Hence, there exists ng > 0 such that X" is
nonempty and compact whenever n>ny. Consequently, by Lemma 2.1,
there exists X, € X”, which is an efficient solution to (PVP, ). Note that
{¥,} C X™,n=np and X™ is compact. We can assume without loss of gen-
erality that x, — x*. Then, from

f(fn) + rnd‘j‘K(g(fn))e < Cf(f)a (5)
We can show as arguing above that
d-k(g(x")) = 0.
Thus, x* € Xj. Furthermore, from Equation (5), we have
(%) <AX).
Therefore,
A(f(xn) <A((X)) Vie .
As a result,
A(f(x")) < lim inf&(f(fn)) <Af(X)) VieC.
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Hence,

JxT) <AxX).
On the other hand, f(X) € E. Consequently,

JxT) = f(%). (6)
For simplicity, let

T = J(%n) + rad*(g(Xn) e (7)
Then, from Equation (5), we get

(%)) SA(3,) SAUX)) VieC,

implying
lim sup A(y,) SA(f(x)),  lim inf2(7,) > A(/(x")).
n—-+00 n—100

This together with Equation (6) yields
liT Ay, = Af(xX) = Af(x")) VieC.
As Equation (2) holds, so we further have
i 1(5,) = I(f(9)) = (f(x")) Vi€V,

That is, y, weakly converges to f(x). The proof is complete. O

Remark 2.1. (a) If C is a normal cone, then Equation (2) holds (see, e.g.,
[17]).

(b) If Y is of finite dimension and f is continuous, then we can show
from Equations (5) and (7) that { y,} is bounded. Otherwise, assume with-
out loss of generality that y, — +oco and y,/|| 7,/ — vo # 0. Then, from
Equations (5) and (7), we deduce that

JE) N7l < € 7u/ [ Pall < AR /1 7l

Passing to the limit as n — 400, we obtain 0< ¢yy < 0. By the pointedness
of C, we conclude that yo = 0. A contradiction arises. SO we can assume
without loss of generality that y, — y*. Again, from Equations (5) and (7),
we have

S%) <y, <cf(X).
Passing to the limit, we get
SxX) <y < ().

This together with Equation (6) gives y* = f(X) = y. Hence, statement (iii)
of Theorem 2.1 holds without condition Equation (2).
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(c) It can be easily checked that &(f) is level-compact (level-bounded) on
X; if and only if the set {x € X3 : f(x) <cte} compact (bounded) for any
t € R! because f(x) < cte if and only if &(f(x)) <t.

(d) Theorem 2.1 corresponds to Theorem 2.12 in [14].

If both X and Y are finite dimensional spaces and f is continuous, then
Theorem 2.1 can be stated as the following result.

THEOREM 22. Assume that X and Y are both finite dimensional, f and g
are continuous on Xi. Further assume that Equation (4) holds for some
ro > 0 and my € R' and £(f) is level-bounded on X3 (defined by Equation
(3)) for some 0y > 0.
Then, for any sequence 0 < r, T +00,
) # E=E' ClimsupE,

n—-+00

n?

where E, E' are as in Theorem 2.1 and

limsup E,, ={y € Y : 3 a subsequence {n;} of {n}

n——+00

and y; € E,fﬂk such that y; converges to y}.

Proof. It follows immediately from Theorem 2.1 and statement (b) of
Remark 2.1. O]

Some sufficient conditions for the level-compactness of £(f) on X3 for
some 6y > 0 is stated in the following lemma.

LEMMA 22. If one of the following conditions holds, then there exists
0o > 0 such that £(f) is level-compact on X5 (defined by Equation (3)).

(1) &(f) is level-compact on Xy,

(1) A(x) =max{&(f(x)),n(g(x)),0} is level-compact on Xi;

(iii) there exists 6y > 0 such that X3 is compact.

Proof. The proof of the conclusion under condition (i) or (iii) is obvious.
Now we prove the conclusion under condition (ii). Let 0 > 0 and o € R!.
Then, the set

A=:{xe X :{f(x)<a,g(x) € 0" — K} C {x € X : {(f(x))
<o, n(g(x)) <0} C {x € X1 : h(x)<max{«,0}} =: B.

By (ii), the set B is compact. It is obvious that &(f) is lower semicontinuous
on Xi. It follows that A is closed. Hence, 4 C B is compact. This shows
that the 0y in X3 can be any positive real number. O

Analogous to Lemma 2.2, we have the following result when X is a finite
dimensional space.
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LEMMA 23. Assume that X is finite dimensional. If one of the following
conditions holds, then there exists 0y > 0 such that £(f) is level-bounded on
X3 (defined by Equation (3)).

) lim  (f(x)) = +o0;

x€X1,||x]|—+o0

(i) Zim  max{{(f(x)),n(g(x)),0} = 4o0;

L xeXy[lx]l—+oo
(iii) there exists 6y > 0 such that X3 is compact.

Proof. It is known from [19] that a real-valued function f; defined on a
subset X of a finite dimensional space X is level-bounded if and only if
lim.e x, |x|—+o0 fo(X) = 400. The conclusion can be proved similarly to that

of Lemma 2.1. O

The next two theorems follow directly from Theorem 2.1 and Lemma
2.2 as well as Theorem 2.2 and Lemma 2.3, respectively.

THEOREM 2.3. Assume that Equation (2) and one of three conditions in
Lemma 2.2 hold. Moreover, there exist ro > 0 and my € R' such that Equa-
tion (4) holds. Then the conclusion of Theorem 2.1 holds.

THEOREM 24. Assume that X and Y are both finite dimensional, f and g
are continuous on Xi. Further assume that Equation (4) holds for some
ro >0 and my € R' and one of the three conditions in Lemma 2.3 holds.
Then the conclusion of Theorem 2.2 holds.

The next proposition shows that each limiting point of a sequence of ap-
proximate efficient solutions to the vector penalty problems is a weakly effi-
cient solution of the original cone constrained vector optimization problem.

PROPOSITION 2.1. Assume that f and g are both continuous on X, and
0<e€ —0and0<r, — +oo. Suppose that each x, € X| is an e,e-efficient
solution, i.e.,

F,(x,ry) — Fy(Xp,1n) & —€46 — C,  Vx € X]. (8)
Then, any limiting point of {x,} is an efficient solution to (VP).
Proof. Suppose that x is a limiting point of {x,} and assume without loss
of generality that X, — X. Let xy € Xj. Then, by Equation (8), we have

S(x0) = f(xn) — rad g (g(Xn))e & —€ne — C,Vn. 9)
Thus,

E(flxo) = f(xn)) — rad(g(Xn)) = — €n-
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That is,

de(g(fn)) <

Passing to the limit as n — 400, we obtain d_g(g(x)) =0. Hence,
g(x) € =K and x € Xj. Furthermore, from Equation (9), we deduce that

fx0) = fl%n) & —ene — C, V.
That is,
¢(flxo) = f(Xn)) > €, Vn.
Passing to the limit as n — 400, we get
E(f(x0) — f(x)) =0.

It follows that f{xo) — f(¥) ¢ —intC. By arbitrariness of xy € X, we con-
clude that x is a weakly efficient solution to (VP).

¢(f(xo) — f(X)) + € .

I'n

3. Convergence Analysis via First-Order Optimality Conditions

Throughout this section, we assume that X is a Banach space, Y and Z are
Hilbert spaces and Z is finite dimensional, C* admits a weak*-compact
base, X7 C X is nonempty, closed and convex, f and g are continuously dif-
ferentiable on X.

In this section, we carry out convergence analysis via first-order neces-
sary optimality conditions. Specifically, we show that any limit point of a
sequence of points that satisfy first-order necessary optimality conditions
of the penalty problems satisfies (KKT-type) first-order conditions of the
orginal cone constrained vector optimization problem if the Mangasarian—
Fromovitz constraint qualification holds at the limit point.

3.1. OPTIMALITY CONDITIONS FOR PENALTY PROBLEMS

In this subsection, we derive optimality conditions for a local weakly efficient
solution to the penalty problem (PVP*). Note that the penalty function is
not differentiable when « € (0,1) or even not locally Lipschitz when
o € (0,1). We will apply the Ekeland’s variational principle for vector-valued
functions developed in [4] to derive necessary optimality conditions for
(PVPY).

The following vector Ekeland’s variational principle follows immediately
from ([4], Corollary 2.1 and Lemma 2.3 (iii)).

LEMMA 3.1 Let h: X — Y be a continuous vector-valued function and
Xy C X be nonempty and closed. Let € > 0 be a scalar. Suppose that x € X,
satisfies

(@) h(x) = h(x) +ee ¢ —C\ {0};
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(b) there exists a real number mqy such that

moe < cy — f(X),Vy € (f{x) — C) N fX2).

Then, there exists x. € X, such that

(1) h(xe) < ch(x);

(i) [ — ¥ < ve:

(i) 1(x) — h(xe) + Vel|x — x|le € —C,Vx € Xa \ {x.}.
Let x € X;. Denote by Ty, (x) and Ny, (x) the tangent cone and normal
cone of X at the point x, respectively.

The next lemma is useful in deriving optimality conditions for (PVP%).

LEMMA 32 [11]. Let h : X — Y be a locally Lipschitz vector-valued func-
tion. Suppose that X is a local weakly efficient solution to the vector optimi-
zation  problem:min,cy, h(x). Then, there exists i€ C’ such that

0 € (A(h))(X) + Ny, (X), where O is the Clarke subdifferential.

PROPOSITION 3.1. Let x, € X; be a local weakly efficient solution to
(PVP%). Suppose that the following condition holds:

(C) 3d, € Ty,(x,)such that g(x,) + Vg(x,)d,, € —intC. (10)
Then, there exist A, € C*\ {0}, u, € Z* with
By = Wir(@[dlfl(z(g(fr))](g(fr) — P_k(g(x:))Vg(x), if X, & —Xo, (11)

My € K*a.ur(g(xr)) =0, if X, € Xo, (12)
where P_g(y) is the projection of y onto —K, such that
0 € 4(Vf(%)) + 1(V(g(x))) + Nx, (X)- (13)

Proof. Since x, is a local weakly efficient solution to (PVP?), there exists
0 > 0 such that x, is a weakly efficient solution of the vector-valued func-
tion F,(x,r) on

Us ={x € X :|x— x| <}
That is,
F,(x,r) — Fy(x,,r) ¢ —intC,Vx € Us. (14)

As F,(x,r) is continuous (in x) on X, we can choose ¢ > 0 such that, for
some real number 7,

ve < cFy(x,r) — Fy(X,,1),Vx € Us. (15)
Let

su(x) = f(x) + rld g (g(x)) + 1/m’]e.
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Then, It is easy to see that there exists 0 < €, | 0 such that

0<csu(x) — Fy(x,r) < ceqe,Vx € X. (16)
It follows from Equations (14) and (16) that

$n(x) — $0(X) + €,e ¢ —int C,Vx € Us.

Let ¢, = 2¢,. Then, showing by contradiction, we have

Su(x) — $u(Xr) + €ne & —C,Vx € Us. (17)
Clearly, 0 < ¢, | 0 as n — 4+o00. Assume without loss of generality that
Ven < 90,Vn. (18)

Taking X, = Us, the combination of Equations (15), (16) and (17) implies
that all the conditions of Lemma 3.1 hold (with the function / replaced by
s,). By Lemma 3.1, there exists x;,, € Us such that

[0 — X[l < Vew, (19)
Sn(X) = $p(Xn) + Ven||xn — Xi|le € —C,Vx € Us \ {x,}. (20)

By Lemma 3.2 and the chain rule for the Clarke subdifferential, there exists
A, € C° such that

0 € O(Z(sn)(Xa) + Venly(€) B + Ny, (xn), (1)
where B = {v € X* : ||v]|<1}. By Equations (18) and (19), we have

Ny, (Xu) = Ny, (xn). (22)
Note that

In(sn(x)) = 23, (A(x)) + ris(e) [ x(g(x)) + 1 /)2,
& (-) is CH (see, e.g., [1,9]) and

Vd ((y) = 2(y — P_x()), ¥y € Y.
Hence, s, is continuously differentiable, and

V)“:z (8n) ()
= 20 (Vf(xn)) + 10/ 200 () [ (g (xn)) + 1/n?) >V (g) (x,)

= 2 (Vf(xn)) + o) 2 (@) g (g(x)) + 1/n?]> 7 (g(x,)
- PfK(g(xn)))(Vg(xn))' (23)

Recall that C* admits a weak*-compact base and that 1, € C°. Suppose
that C;, C C* is a weak*-compact base of C*. Then, there exist
0 <, € R, and 2, € C; such that 1, = 1,4,. Assume without loss of gener-
ality that w* — lim,_.+ 4, = A9 € Cy, where w*-lim denotes weak * conver-
gence. Obviously, Jg # 0. Furthermore, lim,_. . ¢, = t, > 0. Thus, we can
assume without loss of generality that
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w* — nLiIJ'rl’loO /1:1 = tglg =: As € C*\{O} (24)
Let
w, = rods (e)ld® x(g(x)) + 1/m 17" (g(x) — P-g(g(xn)))- (25)

Then, from Equations (21)-(23), we deduce that for each n, there exists
¢, € B such that

2 (Vf(x0)) + 1,(VE(xn) + Vendy(€)Ey € —Nii(xn). (26)

Consider the following two cases.
(a) X, € Xp. Let
Hy = Tim g,
giving rise to Equation (11). Taking the limit in Equation (26) as n — +o0,
we obtain Equation (13).
(b) x € Xo. We first show that {[|s|} is bounded. Otherwise, assume
without loss of generality that ||z || — +oo and

s/ 11|l = 1 # 0 (27)
(which is true since Z is finite dimensional). Dividing Equation (26) by
||, || and passing to the limit as » — +oo0, we obtain

:u:(Vg(xr)) € _NXI (Xr)' (28)
Note from Equation (25) that
:u;z _ g(xn) - P*K(g(xn» (29)

Il NlgCxn) — Pr(gxa))l”
Thus, for any v € —K

(80xn) = Px(g(x)))(v) = (g(xn) = P-x(g(x))) (v = P-k(g(x1))) <O

by the basic properties of a projection map onto a closed convex cone in a
Hilbert space. Thus, (u,/[|1,])(v) <0. As a result, x.(v) <0. Hence

W e K. (30)
Note also that

(g(xn) — P-k(g(xn)))(g(xn))

= (g(xn) — P-x(g(xn)))(g(xn) — P-k(g(xn))) 20.

This combined with Equations (29) and (27) yields /. (g(x;))=>0. On the
other hand, from x € X, and Equation (30), we have 1/ (g(x,) <0. Hence,

i(g(5) = 0. (31)
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Moreover, the combination of Equations (10) and (31) yields

,u;(Vg(fr))(dr)) = :u:'(g(ir) + Vg(fr)(dr)) <O0. (32)
On the other hand, Equation (28) and the fact that d, € Ty, (X,)imply that

#.(Ve(x,))(d,)) =0,
contradicting Equation (32). Hence, {1/} is bounded. Assume without loss
of generality that u/, — p,.. Taking the limit in Equation (26) as n — +oo,
we get Equation (13). Arguing as above for i/ € K* and p/(g(x,)) = 0, we
can show that Equation (12) holds. The proof is complete. O

3.2. CONVERGENCE OF STATIONARY POINTS OF PENALTY PROBLEMS

In this subsection, we show under some conditions that any limit point of
the points that satisfy the conditions stated in Proposition 3.1 is a KKT
point of the original (VP).

DEFINITION 3.1. Let X € X. X is said to satisfy the KKT condition if
there exists (4, 1) € C° x K* such that

0 € A(VA(X)) + u(Ve(X)) + Nxi (%), (33)
1(g(x)) =0, (34)

DEFINITION 32. Let x € Xj. We say that the Mangasarian—Fromovitz
constraint qualification (MFCQ) holds at x if there exists d € Ty (X) such
that g(x) + Vg(x)(d) € —intK.

Now we present the main results of this section.

THEOREM 3.1. Let 0 <r, T +o0 and x, € X|. Suppose that there exists
M € R such that

f(fn) +r11de(g(fn))e<CM€~ (35)

Suppose that x is limit point of {x,}. Then, x € X;. Assume that MFCQ
holds at x. Then condition (C) (with r replaced by r, in Proposition 3.1)
holds when n sufficiently large. Suppose that the first-order necessary con-
dition Equation (13) for (PVP%) holds when n is large. Then x is a KKT
point of (VP).

Proof. Assume without loss of generality that x, — x. The assertion that
X € Xy follows immediately from Equation (35). It is obvious that condi-
tion (C) holds when 7 is sufficiently large if MGCQ holds at x. By the first
order necessary condition for (PVP?*), there exist A, € C*\{0} and 1, with
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such that
0 € Z,(Vf(xn)) + 11,(V(g(%0))) + Nx, (Xn)-
Let 4, = 1,/ and w, = w,/||,||/. Then, 4, € C° and
1, = aryin(e)[d 2 (8(%)](8(Xn) — P_g(g(%n))) V(). if Xy & —Xo,

/"Ll
n

(36)
1y € Ky p,(g(x)) =0, if g(x,) € X (37)

and
0 € Zu(V/(%0)) + 1,(V(g(%n))) + N, (%n). (38)

Arguing as in the proof of Proposition 3.1, we can show that {u,} is
bounded and that there exists a subsequence of {/,} which converges to
'€ C°\{0}. Assume without loss of generality that 4, — A" and u, — i
Taking the limit in Equation (38) as n — +o00 , we obtain
0 € Z(VAX)) + 1 (V(g(¥))) + Nx, (x). (39)
Consider the following two cases.
(i) There exists a subsequence {n;} of {n} such that x,; € Xo,Vk. Then,
from Equation (37) (with n replaced by nx), we have u' € K* and
W (g(%) = 0.
(i1) x, € Xo when n>ny for some ny > 0. Then, y, is defined by Equation
(36). Note that (g(x,) — P_x(g(%,)))(g(x,)) =0. It follows that
w,(g(x,)) =0. Thus, i'(g(x)) =0. Note also that for any v € —K,

(g(xn) — Pk(g(xn)))(v) = (g(xn) — P-x(g(%))) (v — g(,)) <0. It fol-
lows that u, € K*. Hence, i’ € K*.

Let A= /"/||/| and u=u'/||”|. Then ,i € C° u€ K* and Equation (34)
holds. Moreover, from Equation (39), we get Equation (33). Hence, x is a
KKT Point of (VP).
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